We calculate shell-model matrix elements of the axial-charge exchange current operators that have been obtained up to the next-to-leading order from heavy-fermion chiral perturbation theory. It is found that loop corrections to the soft one-pion-exchange contribution are small (around 10 %) and have no significant dependence on the nuclear mass number or on the valence-nucleon orbits. These results render further support to the chiral-filtering conjecture.
Introduction
The nuclear axial-charge operator, which carries valuable information about the role of the chiral symmetry in nuclear medium, has been the subject of a great deal of experimental and theoretical work (for reviews, see [1, 2] ). The crucial point is that A 0 , the time component of the axial current, is predicted to have a large exchange current due to a one-pion exchange diagram, the structure and strength of which are dictated by the soft-pion theorem [3] . According to a general argument by Kubodera, Delorme and Rho [3] , the impulse-approximation (IA) one-body current A 0 (1-body) should receive a large meson-exchange-current correction A 0 (mec) which is mainly due to the soft-pion-exchange two-body current A 0 (soft-π):
where
with r = r 1 − r 2 . Here, p = 1 2 ( p i + p f ) with p i and p f the incoming and outgoing nucleon momentum; f π is the pion-decay constant, g A the axial-vector coupling constant, m N the nucleon mass and m π the pion mass. A useful measure of the typical effects of A 0 (soft-π) was given by Delorme [4] . For a system of one valence nucleon added to the Fermi gas, Delorme derived the Hartree-Fock-type effective single-particle operator arising from A 0 (soft-π), and evaluated its strength relative to the single-particle operator, eq. (2) . This Fermi gas model estimate indicates that the original single-particle operator should be enhanced by ∼ 54% (∼ 39%) at nuclear matter density (half nuclear density). Thus, indeed, the two-body effect is very large. The replacement of the uncorrelated two-nucleon relative-motion wave functions used in the Fermi gas model with typical short-range-correlated wave functions would reduce the enhancement to some extent but, even with this reduction, the effect of A 0 (soft-π) is still expected to be of a substantial magnitude.
All the existing experimental information supports the significant enhancement of A 0 (1-body) due to the soft-pion exchange current (see the extensive bibliographies in [1, 2] ).
The most convincing evidence comes from Warburton et al.'s systematic analyses [5, 6] of the first-forbidden transitions over a wide range of the periodic table. The latest results of these analyses [6] can be summarized in terms of δ mec , the ratio of the meson-exchangecurrent contribution to the IA one-body contribution:
extension of the ChPT calculation to the next order (one-loop order) was carried out by Park et al. [10] . Park et al.'s calculation indicates that the loop correction to the soft-pionexchange contribution is very small, supporting the robustness of the chiral filter mechanism. In HFF, baryon momentum-dependent terms appear as higher order interaction terms in the chiral counting, and this feature leads to a drastic reduction of the contributions of the heavy-meson exchange diagrams. The relation between the heavy-meson-exchange approach and ChPT is an interesting problem that warrants further careful studies.
In [10] , the axial-charge transition matrix elements were calculated with the simpleminded Fermi-gas model. To obtain more reliable estimates of the contributions of higherorder terms in the chiral expansion, we need to use more realistic nuclear wave functions than those of the Fermi gas. Also, according to Towner [8] , the matrix elements of the heavy-meson exchange currents exhibit significant dependence on the valence orbits. It is important to examine whether or not the loop corrections in ChPT shows a similar shell dependence. In this note, we calculate the shell-model matrix elements of the axial-charge exchange current operators obtained in [10] up to next-to-the-leading order in ChPT. Our results indicate that the loop corrections calculated in the shell model are as small as indicated by the Fermi gas model estimation. Furthermore, the mass-and state-dependence of the loop correction is negligible. These results give further support to the chiral-filtering conjecture. In the light of our new results, we shall also discuss the problem of the "extra" enhancement in the empirical δ mec . In particular, we comment on the interrelation between the heavy-meson-exchange-current method [7, 8] and the ChPT with in-medium mass scaling [11] .
Calculation
We begin by specifying our conventions and definitions. We introduce, as we did in [10] , the quantityM, which is different from the axial-charge operator A 0 by just an overall factor,M
UsingM is slightly more convenient than using A 0 itself. In eq.(5),M n-body represents an n-body operator, and the ellipsis denotesM n-body (n ≥ 3), which are ignored.M 1-body is scale Λ ∼1 GeV. However, it seems justifiable to use ChPT in the following limited context. We start with the generally accepted paradigm that the diluteness of nuclear matter allows us to concentrate on 1-body and 2-body responses to external probes, ignoring n-body (n ≥ 3) contributions, and that the effective operators describing these responses can be obtained by considering Feynman diagrams involving one nucleon (two nucleons) for the 1-body (2-body) operators. Once a one-nucleon or two-nucleon subsystem is isolated from the A-body system, we use ChPT as a method to calculate the Feynman diagrams pertaining to these subsystems systematically and consistently with the basic chiral symmetry of QCD. In the present paper, the word "ChPT" should be understood in this context. the impulse approximation term,M
The two-body exchange current,M 2-body , is decomposed into a tree part and a loop correction. The tree part is the seagull term considered in the original paper [3] . Meanwhile according to [10] , the loop correction can be decomposed into a one-pion exchange part (a loop correction to the tree part through vertex renormalization) and a two-pion-exchange part :M
withM tree =T (1) f tree (r)
The spin-isospin operatorsT (1) andT (2) are defined aŝ
wherer is the unit vector of r = r 1 − r 2 and r is the norm of r. Functions f tree (r), f 1π (r) and f 2π(1,2) (r) are given in [10] ,
The explicit forms of the functions K i (r) andK i (r) are given in Appendix B of ref. [10] . As noted in [10] , the constant c R 3 can be extracted from the isovector Dirac form factor of the nucleon, i.e., c R 3
In shell-model calculations, it is convenient to write the above expressions in terms of spherical tensors [17] ,
n (σ)
where (m, n) = (2, 4) for i = 'tree', 1π, 2π(1), which are proportional toT (1) , and (m, n) = (4, 2) for i = 2π(2), which is proportional toT (2) . Here, Σ
m (τ ) and Σ
(1)
and similarly for Σ (1) n (σ), n = 2, 4. The square bracket with superscript (0) in the above equations represents the vector coupling of two spherical tensors to a resultant #2 ; in this case two vectors are coupled to form a tensor of rank zero :
In the simplest version of the shell model, the ground state (Fock state) of a nucleus is taken as a Slater determinant of single-particle states, which here will be chosen as eigenstates of a spherical simple harmonic oscillator. In an oscillator Hamiltonian, there are two parameters, one is the mass, which will be identified as the nucleon mass, and the other is the oscillator frequency, ω, which is determined bȳ
where A is the mass number of the nucleus. For an odd-mass nucleus, the wavefunction is written as a simple product of a Fock state for the neighbouring even-mass nucleus and a single-particle state, ψ a , viz. |ψ a ; F . Here the ψ a denotes all the quantum numbers of the single-particle states indexed by the subscript a, ψ a = (n a , l a , s a = 1 2 , j a , j az , t a = 1 2 , t az ), where n a (= 0, 1, 2, · · ·) is the principal quantum number, l a the orbital angular momentum, s a the spin, j a the total spin, and the subscript z identifies the third component. The use of such a shell-model calculation is given in detail in [17, 8] ; here we just explain the definition of reduced matrix elements and some features of our calculation.
Consider an operator with definite multipolarity J and isospin T with third component J z and T z , X (J,T ) Jz,Tz ; our axial-charge operator can be regarded as X 
for any tensors
to calculate the matrix element ψ a ; F |X
Jz ,Tz |ψ b ; F . For the case when X is a one-body operator, the result trivially reduces to a single-particle matrix element
where a denotes quantum numbers of states ψ a without third components, a = (n a , l a , j a , s a , t a ). This expression serves to define our conventions for reduced matrix elements. For a 2-body operator, X, the reduced matrix element, a; F ||X (J,T ) ||b; F , is
and
(21) A similar definition follows for D(t a t b t h , T 1 T 2 , T ; F ). The subscript 'AS' implies the matrix element is antisymmetric under the permutation of the two-particle states. The difference between summation over ψ h ∈ F and that over h ∈ F should be understood,
When the neighbouring even-mass nucleus forms a closed shell, D becomes simpler :
where the subscript 'closed' means that j hz runs from −j h to j h , and U is a recoupling coefficient defined in [17] and is related to the 6-j symbol. Now in our case,
, and we consider only closed shells in j-space #3 , in which case we have a much simpler expression,
#3 This is not the case for A=96, where there is one unclosed shell. Here we simply neglect contribution coming from this unclosed shell.
But in isospin space, we consider not only charge-symmetric N = Z cases but also neutronrich cases, and therefore we should retain the original definition,
With eqs. (19, 23, 24) here and eqs.(53-56) of ref. [17] , it is straightforward to calculate the reduced matrix elements of the axial-charge operator.
Numerical Results
It is convenient to represent the results in terms of a ratio
where x = 'tree', 1π, 2π, 'loop' or '2-body'. Thus δ x is the contribution of the x part relative to the 1-body contribution (impulse approximation): δ tree is the ratio of the onepion-exchange contribution evaluated in the soft-pion limit with no loop correction, δ 1π shows the form-factor effect of one-pion-exchange coming from the loop correction to the vertices, and δ 2π gives the two-pion-exchange contribution. The δ loop stands for the total loop contribution compared to the impulse approximation:
while δ 2-body , which is also denoted by δ mec , represents the total 2-body contribution:
Furthermore, we introduce η loop as the ratio of the total loop contribution to the tree contribution:
In Table 1 , we give two sets of parameters used in this calculation; "PMR" denotes parameters adopted in [10] , and "OBEPR" denotes those obtained from the Bonn OBEPR potential [23] . There is a small difference of 1.1 % in the pion mass between the two. There is also a larger difference in the pion-decay constant f π : In PMR, an experimental value is adopted, while in using OBEPR, f π is taken from the Goldberger-Treiman relation and the fitted value of the πNN coupling constant of g πNN = 13.68353. We observe this difference in f π has a significant effect on δ mec but a smaller effect on η loop
For each parameter set, we have used three choices of short-range correlation functions; the first two are a simple step function with different cut-offs,ĝ i (r) = θ(r − d i ), 
The third correlation function isĝ 3 (r) = 1−j 0 (q c r), where j 0 (x) = sin(x)/x and q c is fixed as q c = 3.93 fm −1 [18] .
In Table 2 , we show the contributions to δ mec for the 1s 1/2 → 0p 1/2 transition in A=16 with various choices of parameters and correlation functions. Successive rows in the table give the soft-pion tree contribution, the 1π-loop correction, the 2π-loop correction, the total loop correction (sum of rows 4 and 5), and finally the total meson-exchange contribution (sum of rows 3, 4 and 5). The last row denoted by η loop expresses the total loop correction relative to the 'tree' contribution. This correction is generally small ranging from 10% for a cut-off of d ≃ 0.7 fm to 15% for d = 0.5 fm.
A short-range (SR) correlation function is necessary for calculations such as these, but there is little guidance as to its choice. Inevitably therefore some model dependence is injected here representing short-range phenomenology that is under poor control. For long-range operators, such as those arising from pion-range tree graphs, this is not a serious problem as the matrix elements are not strongly influenced by the choice of correlation function. For the operators from the shorter ranged loop graphs, however, we can get a factor of two difference depending on the choice. This is evident from the results given in Table 2 . Any conclusions, therefore, have to be tempered by this reality.
A SR correlation function is required in this work for two reasons, and a common function is used here to cover both. First, there are correlations in the nuclear physics many-body problem. Because the two-body operators in eq. (8) are expressed in terms of the relative separation of two nucleons, r = | r 1 − r 2 |, it is convenient if the shell-model wavefunctions are expressed in terms of similar co-ordinates. This is quite practicable if the shell-model Hamiltonian is the harmonic oscillator. Then the coefficients of transformation from a single-particle basis to relative and center-of-mass basis are known. However, there is one drawback to the harmonic oscillator Hamiltonian: its eigenfunctions are not the eigenfunctions of the nucleon-nucleon interaction. This is particularly important in the relative coordinate, where the nucleon-nucleon interaction is known to have a strong shortrange repulsion that makes the relative wavefunction go rapidly to zero as r → 0, more rapidly than given by uncorrelated oscillator functions. Thus to incorporate this piece of many-body physics it is quite common to modify two-body operators by multiplying them by a SR correlation function,ĝ(r), whereĝ(r) is some function that tends to zero as r → 0 and tends to unity for large r.
Second, in ChPT, loop integrations introduce high-momentum components. Although these loop integrals have been regularized and are finite, there are numerical difficulties in the Fourier transform to coordinate space. One way to deal with this is to impose a high-momentum cut-off. Another way is to impose a SR correlation function in co-ordinate space that would kill or ameliorate divergences at the origin. Consider a loop integral of order L. From the counting rules of ChPT and the nature of the loop integral, the most divergent piece has a form
where k is a non-negative integer depending on the process. In our case, k = 1 and L = 1. But, it is natural to assume that the correlation function is universal for all L. Thus, in order to ameliorate the divergence in all orders, we should have
Lĝ
(r) = 0 or finite for any finite L. This is a rather severe restriction. In practice, because we are interested in one-loop accuracy, this restriction can be milder. In our case, we should have, at least, lim r→0 ln r rĝ (r) = 0 or finite.
The step function θ(r−d) is the simplest SR correlation function and its underlying assumption for ChPT is that a nucleon has a hard core of radius d. It certainly satisfies all the required properties stated above, it is easy to implement and it has a very clear physical interpretation. Similarly a step function has been used in the nuclear many-body problem as well [20] , where the interpretation of d now relates to the range of the short-range repulsion in the nucleon-nucleon interaction.
There are other choices of SR correlation functions in use in nuclear physics. For example, Brown et al. 
This value is smaller than the choices of d 1 ≃ 0.7 fm and d 2 = 0.5 fm used withĝ 1 (r) and g 2 (r), respectively.
The problem with the correlation function 1 − j 0 (q c r) is that it does not meet the requirements from ChPT of ameliorating the divergences at the origin. In particular it could not be used for two-loop or higher calculations. Thus in the following discussions we will give less weight to calculations usingĝ 3 (r).
In Table 3 , we display the contributions to δ mec for various odd-mass nuclei of closedshell-plus-one configuration, where the mass number of the closed shell, A, is indicated.
The purpose is to investigate the mass dependence of the two-body contributions. Here, the PMR parameter set withĝ 1 (r) is adopted. In all cases, the 1π-loop and 2π-loop corrections are small and of opposite sign so that the resultant δ loop is small. Further, when expressed relative to the 'tree' contribution, the η loop shows little mass or state dependence. We will discuss mass dependence further in the next section.
In Table 4 , we present our results for δ mec and η loop for various single-particle transitions in a number of different nuclei ranging from light to heavy, with the PMR parameters and theĝ 1 (r) correlation function. From these tables, two conclusions emerge:
• The loop correction (η loop ) is around 10 % with some dependence on the choice of SR correlation function. This indicates quite a small correction, confirming the dominance of the soft-pion-tree graph and the conclusions made in [10] , where a simple-minded Fermi-gas model was adopted. The chiral filtering conjecture appears to hold.
• The loop correction (η loop ) is essentially nuclear-mass and state independent. This is easily understood in that the tensor structure is common to the 'tree', 1π and part of the 2π operators displayed in eq. (8) . These operators only differ in their radial functions. Furthermore in light nuclei with LS closed shells, the other part of the 2π operator also has the same tensor structure because the matrix element of (
is the same as that of ( σ 1 × σ 2 ) ( τ 1 + τ 2 ) in this case. From Tables 3  and 4 , we observe that η loop of neutron-rich nuclei is smaller than that of N = Z nuclei by 10 or 20 %, which may be viewed as the difference in the matrix element of the two operators for neutron-excess orbitals.
Discussion
We should like to conclude with a more detailed discussion of the mass dependence in the results. To this end it is convenient to define a ratio, r, where
Here δ mec is the correction expressed as a fraction of the 1-body impulse-approximation matrix element. For light nuclei in the vicinity of the closed shell, A=16, we consider the transition, 1s 1/2 → 0p 1/2 , that dominates the spectroscopy in this mass region, while for heavy nuclei in the vicinity of the closed shell, A=208, we consider the 1g 9/2 → 0h 9/2 transition. This ratio was introduced by Towner [8] , because it is rather insensitive to the choice of SR correlation functions and the parameters used. Since this choice represents one of the biggest uncertainties in the present work, the ratio, r, is an attractive quantity to discuss. There is some experimental information on the ratio, r. It derives principally from experimental data on first-forbidden beta decays, as analyzed in the shell model by Warburton et al. [6] . The method is to compute beta-decay matrix elements in impulse approximation with the best available shell-model wavefunctions, and then allow the matrix element of the time-like part of the axial current to be multiplied by an enhancement factor, ǫ mec . Note that
A value for ǫ mec is obtained from a fit between experiment and calculation over a number of transitions in the mass region under study. The principal difficulty in this analysis is the (5) 1.49(10) strong tensor force, Warburton [6] inevitable truncation required in the model space used in the particular shell-model calculation. Thus Warburton computes a correction for model-space truncations to first order in perturbation theory. This correction, however, is dependent on the choice of residual interactions used in the calculation. In particular, it depends quite sensitively on the strength of its tensor component. For weak tensor forces, such as obtained in the Bonn interaction [23] , the value of r is 1.30 ± 0.09, while for strong tensor forces, such as obtained with the Paris potential [24] , the value is 1.49 ± 0.10. In either case there is more enhancement of the axial-charge matrix element required in the lead region than in the oxygen region. In Table 5 we list some calculated r-values from the present work and other sources [8, 11] . The first row gives just the one-pion tree-graph contribution, where a value of r = 1.36 indicates that most of the experimental mass dependence is accommodated by the shell model with just the soft-pion 2-body operator. The mass dependence arises because the number of core orbitals being summed over in eq. (19) is changing from light to heavy nuclei and the oscillator frequency parameter is reducing to reflect the increase in nuclear size. One can easily get similar effects in Fermi gas models. For example, Delorme [4] was the first to write down the expression for δ tree for a nucleon in a Fermi gas
where x = m 2 π /(4k 2 F ) and k F is the Fermi momentum. In Fermi gas models, k F is related to the nuclear density, ρ = 2k 3 F /(3π 2 ). If it is assumed that a valence nucleon in a light nucleus such as oxygen experiences only one half the nuclear matter density, then the appropriate value of k F to use in eq. (32) A similar idea has been discussed by Kubodera and Rho [11] . They argue from [21] that incorporation of approximate chiral and scale invariances of QCD leads to a chiral Lagrangian of low-energy hadrons in which the pion-decay constant and the hadron masses scale universally as a function of the matter density ρ according to:
while the axial-coupling constant does not scale,
Here the asterisk refers to a value in a nuclear medium as opposed to the free hadron value. Note that the pion-decay constant, f π , and the heavy meson masses all scale according to the same function. However the mass of the pion, being a Goldstone boson, is assumed not to scale, m * π ≈ m π . These assumptions are referred to as Brown-Rho (BR) scaling. But there is a subtlety explained in detail in Rho's lecture note [25] : the Gamow-Teller coupling constant g A scales in medium not due to the above BR scaling but due to the short-range interactions between baryons; as a result, the constant g * A /f * π associated with a pion exchange remains constant,
These considerations lead to
where the asterisked quantities should be evaluated with the scaled parameters defined in eqs.(33, 34, 35), while un-asterisked quantities should be evaluated with the parameters in free space, given in Table 1 . Once the 1-body operator becomes ρ-dependent, we need to elaborate on the definition of ǫ mec [eq. (31)] by specifying what 1-body matrix element is used in the denominator. To be consistent with the way in which the empirical ǫ mec was deduced by Warburton et al. [5, 6] , we must adopt the definition The r-value is insensitive to the parameter set used, which can be understood by noting that the r-value depends only on the value of mπ. The δ mec which should appear in eq.(30) and which for the sake of clarity is denoted here by δ Warb mec is numerically defined by
Meanwhile, eqs. (36) and (37) imply that
Reinterpreting δ mec of eq. (25) in the present context, we identify
We assume ρ( 208 Pb) = ρ 0 with ρ 0 ≃ 0.17 fm −3 being the normal nuclear matter density.
There is latitude in choosing ρ( 16 O), and we consider here two cases. In Case I we assume, as previously, that ρ( 16 O) = ρ 0 /2. To illustrate the sensitivity of the results to ρ, we also consider Case II, in which ρ( 16 O) = 0.6ρ 0 . A typical choice of Φ is Φ(ρ) = 1 − 0.15 (ρ/ρ 0 ). Then, using δ mec given in Table 3 , we obtain, for Case I, Table 5 under the heading 'BR scaling'. We note that in this approach the scaling factor Φ(ρ) is the principal mechanism for explaining the observed mass dependence.
If we repeat the same procedure using δ tree instead of δ mec , the resulting r-value will be somewhat larger; r tree = 1.59 for Case I, and r tree = 1.51 for Case II. As can be seen in Table 5 , the corrections coming from pion loops evaluated in ChPT are almost nuclear mass independent, and this explains why the sum of tree graphs plus corrections leads to a smaller r-value than the tree graphs alone. This feature is in contrast to the results obtained by Towner [8] in a quite different approach. There the tree graphs are not evaluated in the soft-pion limit but are evaluated with full momentum dependence retained, including vertex form factors #5 . This calculation, called the 'hard-pion approach', reduces the value of the tree graph significantly. The reduction, however, is largely compensated by heavy-meson pair graphs, which also give a sizeable contribution as pointed out by Kirchbach, Riska and Tsushima [7] . Thus the correction in this approach is computed from 'hard pions' plus 'heavy mesons' minus 'soft pions', and is given in line 5 of Table 5 . This correction has significant mass dependence, such that the r-value of the sum of soft-pion tree graph plus corrections increases relative to soft pions alone.
These two viewpoints, however, can be reconciled. When heavy-meson pair graphs are explicitly computed, the largest contributions come from σ and ω mesons. Mathematically the σ-meson contribution takes the form of the 1-body impulse approximation with the nucleon mass replaced by an effective mass. This was shown by Delorme and Towner [13] in a different context. Recently Birse [26] finds a similar result in the non-topological soliton model for a nucleon embedded in mean scalar and vector fields. This implies that the phenomenological σ-meson and the BR scaling play the same role, although their chiral properties are quite different. At this place, it should be noted that there is no way to introduce a σ-field in a theory where chiral symmetry is non-linearly realized. The only possible way is to define a chiral-scalar (and of course Lorentz scalar) field as Brown and Rho did in their BR scaling [21] . Therefore to make comparisons with ref. [8] , BR scaling has to be added to the ChPT results.
In conclusion, we find that corrections to the soft-pion tree graph computed from 1-π and 2-π loop graphs in ChPT are small and around 10 %. This lends further support to the chiral filtering conjecture [3, 22] . Second, the mass dependence or density dependence evident in the analysis of the experimental data by Warburton et al. [6] has a variety of interlinking explanations ranging from the trivial mass dependence inherent in the shell model to the more fundamental role of heavy mesons or BR scaling.
